Introduction
An arch subjected to lateral loads may become elastically unstable. If the initial height of the arch is of the same order as the span of the arch, the buckling deformation is nearly inextensional. On the other hand, an arch is termed shallow if the initial height is much smaller than the span. When the lateral load of a shallow arch reaches a critical value, the deformed shape may undergo a sudden jump called snap-through buckling. The buckling deformation of a shallow arch will be extensional rather than inextensional. Depending on how the lateral load is applied, the snapthrough buckling of a shallow arch can be divided into two categories, i.e., static buckling and dynamic buckling. In the case of static buckling, the lateral load is applied in a quasi-static manner. The first theoretical prediction on the static critical load was conducted by Timoshenko in 1935 ͓1͔, in which a pinned sinusoidal arch was subjected to a uniformly distributed load. Fung and Kaplan ͓2͔ extended the research by considering a flexibly supported shallow arch under various kinds of lateral loading, including a concentrated force acting at the midpoint of the arch. Gjelsvik and Bonder ͓3͔ presented a complete theoretical and experimental analysis on a clamped circular arch under a central concentrated load. Franciosi et al. ͓4͔ extended the conventional limit analysis to the collapse of arches under repeated loading. Schreyer and Masur ͓5͔ analyzed a clamped circular arch and demonstrated that the existence of a bifurcation of the equilibrium state is not an adequate condition for the use of the asymmetric buckling criterion. Lee and Murphy ͓6͔ considered the inelastic buckling of a clamped circular arch made of work-hardening material. Simitses ͓7͔ studied the effect of an elastic foundation on the critical loads of a sinusoidal arch under distributed loads. Roorda ͓8͔ conducted a series of experiments to study the effect of small imperfection on the buckling of elastic structures, including a laterally loaded circular arch.
In the case when the lateral load is applied suddenly instead of in a quasi-static manner, the phenomenon is dynamic and much more complicated. Generally speaking, the methodologies used in estimating dynamic critical loads of elastic structures can be classified into two groups ͓9͔. The first approach is to study the total energy and the phase plane of the system. By this method, sufficient conditions for dynamic stability may be established. The first theoretical prediction of dynamic buckling load was conducted by Hoff and Bruce in 1954 ͓10͔ , in which they studied the stability of a sinusoidal arch under unit step loading and ideal impulsive loading. Hsu ͓11,12͔ and Hsu et al. ͓13͔ studied the effects of various parameters on the stability of a flexibly supported sinusoidal arch under impulsive and other types of time-varying loads. Xu et al. ͓14͔ considered a shallow arch elastically supported at both ends in the lateral direction and under impulsive loading. Lin and Chen ͓15,16͔ studied the sufficient condition against dynamic snapthrough for a shallow arch under prescribed end motion. This approach provides a lower bound of the dynamic critical load.
The second approach is to solve the equations of motion numerically to obtain the system response and identify the critical load for specified system parameters. Humphreys ͓17͔ performed both numerical and experimental studies on the dynamic snapthrough of a circular arch under uniform impulsive loading. Lock ͓18͔ used both a numerical integration method and an infinitesimal stability analysis to predict the dynamic critical load of a sinusoidal arch under a step loading. Lo and Masur ͓19͔ presented a hybrid method for snap-through stability analysis, which incorporates an integral equation formulation in conjunction with a finite element method. Johnson and Mclvor ͓20͔ investigated numerically the effects of the spatial distribution of impulsive loads and damping ͓21͔ on the dynamic snap-through of a shallow arch. This approach provides a more accurate prediction of the critical load at the expense of a large amount of calculation.
In all this previous research, the lateral loading, either distributed or concentrated, is assumed to be fixed in space. In this paper we plan to study the dynamic stability of a shallow arch under a moving point force. The proposed problem is potentially important because shallow arches have been crucial elements in numerous structures for public transportation. For better understanding of the response and safety of these structures, it is necessary to study the behavior of an arch under high-speed moving loads. In the first part of this paper we study the quasi-static case when the moving speed of the point force is very small. Our analysis shows that there exists a static critical load in the sense that no static snap-through will occur as long as the point load is smaller than this critical load. The second part of the paper considers the case when the point load travels with a nonzero speed. Similar to the quasi-static case, there exists a dynamic critical load when the point load travels with a nonzero speed. The dynamic critical load is, in general, smaller than the static one. When the point load is greater than the dynamic critical load, there exists a finite speed zone within which the arch runs the risk of dynamic snap-through. A simpler but more conservative criterion is then proposed to determine the boundary of this dangerous speed zone. Figure 1 shows an elastic shallow arch with the two pinned ends being separated by a distance L. The initial shape of the unloaded arch is y 0 (x). The arch is subjected to a point force Q* traveling from xϭ0 to xϭL with a constant speed c*. The equation of motion of the arch can be written as Ay ,tt ϭϪEI͑ yϪy 0 ͒ ,xxxx ϩp*y ,xx ϪQ*␦͑xϪc*t ͒
Equations of Motion
The parameters E, , A, and I are Young's modulus, mass density, area, and moment of inertia of the cross section of the arch. p* is the induced axial force,
␦ is the Dirac delta function. The boundary conditions for y at x ϭ0 and L are
Equations ͑1͒ and ͑2͒ can be nondimensionalized to the forms
where
EIr r is the radius of gyration of the cross section. pϭ1 corresponds to the Euler buckling load for a perfectly straight simply supported beam. cϭ1 corresponds to the speed of the flexural wave of the curved-beam with wave length L. It is noted that Q is positive when the concentrated load points downward in Fig. 1 .
In Eq. ͑1͒ we assume that the effect of the axial stress wave on the lateral vibration is negligible. This is true when the time spent by a compressive stress wave traveling back and forth over the arch for one run is smaller than the period for the arch to vibrate laterally. The ratio between the lateral period and the longitudinal period is proportional to the slenderness ratio L/r of the arch.
Therefore, for an arch with L/rϭ10 for instance, the effect of the axial stress wave on the lateral vibration should be negligible as long as c is smaller than 10.
The initial shape of the arch before the lateral load is applied is assumed to be in the form u 0 ͑ ͒ϭh sin (7) h is the rise parameter of the arch. It is assumed that the shape of the loaded arch can be expanded as
After substituting Eqs. ͑7͒ and ͑8͒ into ͑4͒ and ͑5͒, we obtain the equations governing ␣ n ,
e͑ ͒ϭc
The parameter 0Ͻe()Ͻ represents the position of the point load on the arch. The overhead dot in Eq. ͑9͒ represents differentiation with respect to . The initial conditions for Eq. ͑9͒ are
Equilibrium Configurations
We first consider the case when the moving speed c of the point load is small and the acceleration terms in Eq. ͑9͒ can be neglected. The equilibrium equations governing ␣ n can then be written as
Equation ͑17͒ represents an infinite number of coupled nonlinear equations for the infinite number of coordinates ␣ n . While it is, in general, impossible to solve for the infinite number of ␣ n simultaneously, it is possible to use a deduction method to derive the equation for ␣ 1 , as demonstrated in the following. Nϭ1: We first assume that the number of modes N used in Eq. ͑8͒ is 1. Then the solution ␣ 1 can be solved from the following cubic equation,
There are, at most, three one-mode equilibrium positions for N ϭ1. Nϭ2: For the case when Nϭ2 there are, at most, five equilibrium positions. After eliminating the axial thrust p in Eq. ͑17͒ for nϭ1 and 2, we can derive the relation between ␣ 1 and ␣ 2 as
After substituting Eq. ͑19͒ into the first equation in ͑17͒, we obtain the equation for ␣ 1 as Nϭk: There are, at most, 2kϩ1 equilibrium positions for the case when Nϭk. After eliminating p in Eq. ͑17͒ for nϭ1 and j we can derive the relation between ␣ 1 and ␣ j as
After substituting Eq. ͑21͒ into the first equation in ͑17͒, we obtain the equation for ␣ 1 ,
f kϪ1 (␣ 1 )ϭ0 is the equation for ␣ 1 when NϭkϪ1.
Convergence Test and Stability Analysis
The first question in numerical calculation is how many modes should be included in the expansion ͑8͒. It is observed from Eq. ͑22͒ that the difference between using k modes and kϪ1 modes in the expansion is the inclusion of the second term, which is inversely proportional to k 6 . Therefore, we expect that the effects of the additional kth harmonic in Eq. ͑8͒ on the original 2kϪ1 ␣ 1 's when kϪ1 harmonics are used should be minimal for moderately large k.
In Fig. 2 we show the ␣ 1 as a function of load position e for the case when hϭ8. Figures 2͑a͒-2͑c͒ are for Qϭ18, 20, and 18.16, respectively. The number of modes N used in the expansion is 4. While there are, at most, nine equilibrium positions for Nϭ4, only seven of them are real. In the case when eϭ0 ͑i.e., the arch is free from the point load͒, there are three one-mode solutions ( P 0 , P 1 ϩ , P 1 Ϫ ) involving only ␣ 1 and two pairs of two-mode solutions ( P 12 Ϯ , P 13 Ϯ ) ͓15͔. It can be shown that for a free arch with hϾ4 only positions P 0 and P 1 are stable while all others are unstable. As the point load moves across the arch, these one and two-mode solutions will involve all the harmonic modes in expansion ͑8͒. However, we retain the names of the equilibrium positions when the point load moves across the arch. In Fig. 2͑a͒ we observe that all the solution curves experience no bifurcation as the point load moves across the arch. Therefore, both P 0 and P 1 remain stable while all others remain unstable. We use solid and dashed lines to denote stable and unstable solutions. The stability properties of these equilibrium positions for a loaded arch can also be determined by the conventional energy method. As a consequence for Qϭ18 no snap-through will occur as the point load moves across the arch quasi-statically. However, it remains unknown yet whether snap-through will occur if the moving speed of the point load is no longer negligible. This will be a subject for later discussion.
In Fig. 2͑b͒ for Qϭ20 we notice that as the point load moves across the arch the stable P 0 solution merges with the unstable P 12
Ϫ solution via a saddle-node bifurcation at eϭ0.76. As a consequence, the arch snaps from the P 0 position to the stable P 1 Ϫ position at this bifurcation point. Three additional saddle-node bifurcation points are at eϭ1.35, 1.79, and 2.38. As Q decreases from 20 the saddle-node bifurcation points in Fig. 2͑b͒ approach each other and eventually merge into transcritical bifurcation points when Qϭ18.16, as shown in Fig. 2͑c͒ . Therefore, Q ϭ18.16 is a critical load for hϭ8 in the sense that no snapthrough will occur when a point load smaller than this value moves across the arch quasi-statically. It is noted that among the seven equilibrium positions in Fig. 2 , the solutions P 0 , P 1 , P 1 Ϫ , and P 12 Ϯ are ultimately important. P 0 is the original configuration before snap-through buckling occurs. P 1 Ϫ is one of the two stable configurations. P 12 Ϯ are important because snap-through buckling occurs when solution curve corresponding to P 0 merges with the solution curve corresponding to P 12 Ϫ via a saddle-node bifurcation, as shown in Figs. 2͑b͒ and 2͑c͒. Therefore, to capture the physical essence of the dynamic response we are interested in this paper and for the ease of analytical investigation, we propose to use only the first two harmonic modes in Eq. ͑8͒ in the following analysis. We compared the solution curves for Nϭ2 to the results for Nϭ4 in Fig. 2 and found that for Nϭ2 and 4 the ␣ 1 -curves of the five solutions ( P 0 , P 1 Ϯ , P 12 Ϯ ) in which we are most interested are almost indistinguishable. More importantly, the saddle-node bifurcation points responsible for snap-through buckling are almost unchanged.
We observe in Fig. 2 that all solutions except P 0 and P 1 Ϫ meet at a point with ␣ 1 ϭ0 when q 1 ϭ0. The range of e in the middle corresponds to q 1 Ͼ0, while the ranges on both sides correspond to q 1 Ͻ0. It is also observed that no snap-through will occur when q 1 Ͻ0. In the range of e where q 1 Ͼ0 snap-through may ͓as in Fig.  2͑b͔͒ or may not ͓as in Fig. 2͑a͔͒ occur. These observations can actually be proved mathematically. The details of the proofs can be found in ͓22͔.
Bifurcation Points
As explained previously we can use only the first two modes in expansion ͑8͒, i.e., Nϭ2, without losing any important dynamic characteristics in which we are interested. Equation ͑22͒ for N ϭ2 can be rewritten as
To locate the bifurcation point, we differentiate Eq. ͑23͒ with Transactions of the ASME respect to ␣ 1 . The resulting equation can be rearranged by using Eq. ͑23͒ in the following form:
After specifying e and h, we can eliminate Q 2 and Q 3 from Eqs. ͑23͒ and ͑24͒ to obtain a relation between Q and ␣ 1 . After substituting this relation back into Eq. ͑23͒, we can obtain a polynomial equation for ␣ 1 . The highest order of this polynomial is 18. The largest ␣ 1 represents the coordinate of the P 0 position when bifurcation occurs. The corresponding Q is the load for snapthrough buckling. In this manner we can determine the relation between load Q and position e when snap-through occurs.
Figures 3͑a͒ and ͑b͒ show these relations for hϭ8 and 3, respectively. For the case when hϭ8 and Qϭ20, for instance, there are a total of four bifurcation points. Snap-through will occur as the load Qϭ20 moves from eϭ0 to the first bifurcation point e ϭ0.76. This result has already been reported in Fig. 2͑b͒ . When Q is greater than 28.78 then there are only two bifurcation points. On the other hand, when Q is smaller than 18.16, then no snapthrough will occur when the point load moves across the arch quasi-statically. Qϭ18.16 can be considered as an upper limit for safe passage of the load across an arch with hϭ8, which is denoted by Q cr and signified by a horizontal dashed line in Fig. 3͑a͒ . There are two touching points between the dashed line and the bifurcation curve in Fig. 3͑a͒ . As h decreases from 8, these two touching points will approach each other and eventually merge into one, as shown in Fig. 3͑b͒ for the case when hϭ3. For this case there are, at most, two bifurcation points for a specified Q. The critical load Q cr for hϭ3 is 4.08. Further calculation shows that for h greater than 3.254, there are two touching points as in Fig. 3͑a͒ . On the other hand, for h smaller than 3.254, there will be only one touching point at the center as in Fig. 3͑b͒ . In other words, for an arch with hϽ3.254 the midpoint load is the worst case for static snap-through. On the other hand, for a higher arch with hϾ3.254, the worst case occurs when the point load is not at the center.
As demonstrated in Fig. 2͑c͒ that the critical load Q cr corresponds to the situation when transcritical bifurcation occurs. The additional condition for transcritical bifurcation is that the derivative of f 2 (␣ 1 ) with respect to the control parameter e vanishes ͓23͔, i.e., ͑ 3␣ 1 ϩhϪQ sin e ͓͒␣ 1 3 Ϫ͑h 2 ϩ2 ͒␣ 1 ϩ6͑Q sin eϪh ͔͒ ϪQ␣ 1 3 sin e cos 2eϭ0 (25) Q cr can be determined by substituting the relation between Q and e in Fig. 3 into Eq. ͑25͒ and checking if the equality sign in Eq. ͑25͒ is satisfied by a routine bisection approach. Further calculations show that Q cr increases with h.
Dynamic Snap-Through
The response of the arch will be different when the point load travels with a nonzero speed. The response history can be calculated by integrating Eq. ͑9͒ numerically with the initial conditions ͑14͒-͑16͒. From the arguments cited in the preceding sections, we use only the first two equations with nϭ1 and 2 in Eq. ͑9͒ for simplicity. In the numerical simulation we also add damping terms ␣ 1 and ␣ 2 in these two equations of motion. It is noted that there is no technical difficulty in using more than two modes in expansion ͑8͒ for numerical simulation except that the calculation time will increase.
The quasi-static analysis in Fig. 2 shows that the arch with h ϭ8 will remain in the P 0 position as long as Q is smaller than Q cr ϭ18.16. However, when the speed c is increased from zero, dynamic snap-through may occur even when the load Q is smaller than Q cr . One of the thick lines in Fig. 4 shows the dynamic response of the arch with hϭ8, Qϭ18, ϭ0.001, and cϭ0.1. The arch snaps to the P 1 Ϫ position when the point load moves to the position eϭ2.2 and settles to P 1 Ϫ position thereafter. The equilibrium positions from quasi-static analysis (cϭ0) are also shown in Fig. 4 with thin lines for comparison. On the other hand, when the speed c is further increased to 1.5, the arch does not have sufficient time to snap before the load reaches the other end and leaves the arch, as demonstrated by another thick line in Fig. 4 . However, it must be emphasized that there still exists a possibility that the arch may continue to deform and snap to P 1 Ϫ position after the point load leaves the arch. Therefore, to determine whether the arch will snap or not, we have to continue the numerical simulation until the arch settles to one of the stable equilibrium positions. For the case with cϭ1.5 in Fig. 4 our numerical simulation shows that the arch will settle to P 0 position eventually. Furthermore, the arch never snaps to P 1 Ϫ at any instant before it settles to P 0 . Therefore, in the case when cϭ1.5 no dynamic snap-through occurs when the point load is either still on the arch or after the point load leaves the arch. It is noted in Fig. 4 that the static analysis does not predict the dynamic behavior for a small speed cϭ0.1. To demonstrate that the dynamic behavior indeed approaches the quasi-static result, we show the response for a smaller speed cϭ0.05. It can be seen that the curve for cϭ0.05 follows, with small oscillation, the quasi-static position P 0 between the two ends of the arch.
The analysis in Fig. 4 suggests that for an arch with hϭ8 and Qϭ18 there exist two critical speeds, denoted by c cr Ϫ and c cr ϩ . The arch is safe from snap-through buckling as long as the moving speed c is either smaller than c cr Ϫ or greater than c cr ϩ . In other words, the speed range from c cr Ϫ to c cr ϩ is the dangerous speed zone in the sense that the arch may snap dynamically. Obviously, c cr Ϯ are functions of Q. Figure 5 shows another case with hϭ8 and Qϭ25. The equilibrium positions from the quasi-static analysis are similar to those in Fig. 2͑b͒ and are shown with thin lines. Apparently, for this case the critical speed c cr Ϫ is zero. On the other hand, when the moving speed is large enough, say, cϭ2.6, then the arch will not have enough time to snap before the load reaches the other end, as demonstrated by the thick line. Further calculation confirms that the arch settles to P 0 position after the point load leaves the arch. To demonstrate the situation that the arch may continue to deform and snap after the point load leaves the arch, we show the response history for a different speed cϭ2.4 in Fig. 5 . Again the arch does not have enough time to snap before the load reaches the other end. However, further calculation shows that the arch will snap to P 1 Ϫ after the point load leaves the arch and settles to P 1 Ϫ eventually. The responses corresponding to cϭ2.4 and 2.6 after the point load leaves the arch are shown in Figs. 6͑a͒ and 6͑b͒, respectively. The damping coefficient used in these calculations is chosen to be 0.001. The instant when the point load leaves the arch is signified by a black dot on the response curve.
Boundary of Dangerous Speed Zone
Figures 4 -6 suggest that for an arch with two stable equilibrium positions when it is free of lateral loading, there may exist a dangerous speed zone if the point load is greater than a critical value Q cr d . Outside this dangerous speed zone the arch will not snap either while the point load is still on the arch or after the point load leaves the arch. The superscripted symbol d indicates that this dynamic critical load is different from the critical load Q cr in Fig. 3 , predicted from a quasi-static analysis. We are interested in comparing the critical loads from both the quasi-static and dynamic analyses. As explained in Figs. 4 -6 to make certain whether the arch is safe, we have to observe the response history until the arch eventually settles to a stable equilibrium position. In general, it takes a long calculation time for the arch to settle. To simplify the calculation we notice that the arch will not snap if both of the following two conditions are satisfied: ͑i͒ the total energy H gained by the arch at the instant when the point load reaches the other end is smaller than the critical energy barrier lying between the two distant stable equilibrium positions; ͑ii͒ the coordinate ␣ 1 remains greater than zero while the point load is still on the arch. It can be shown that for an arch with 4Ͻh Ͻͱ18, the critical energy barrier is the strain energy U of position P 1 ϩ . On the other hand, for an arch with hϾͱ18, the critical energy barrier is the strain energy of position P 12 Ϯ ͓15͔. The two conditions can be stated mathematically as
The total energy H and the strain energy U can be calculated as
The physical total energy H* and strain energy U* are related to H and U by
It is noted that these two conditions are sufficient in the sense that if they are satisfied, the arch will not snap from P 0 to P 1 Ϫ either while the point load is still on the arch or after the point 
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Transactions of the ASME load leaves the arch. On the other hand, the arch may or may not snap if these two conditions are not satisfied. These conservative criteria allow us to determine the boundary of dangerous zone by integrating Eq. ͑9͒ up to the instant when the point load reaches the other end without going further thereafter.
In Fig. 7 we try to determine the dangerous speed zone in the Q-c space for an arch with hϭ8. We divide the parameter space in Fig. 7 into 50ϫ50 points. For each of these parameter points we examine conditions ͑26͒ and ͑27͒ and locate the point at which the equal sign of condition ͑26͒ is satisfied. The damping coefficient is chosen to be 0.001. To verify the validity of these criteria we also continue the simulation until the arch settles to an equilibrium position. If the arch at any time snaps to position P 1 Ϫ , we put a solid circle at the parameter point. On the other hand, if the arch never snaps before it settles, then we put an open circle at the parameter point. 
Conclusions
In this paper we study the dynamic behavior of a shallow arch under a point load Q traveling at a constant speed c. Emphasis is placed on finding whether snap-through will occur if the arch possesses two stable equilibrium positions P 0 and P 1 Ϫ when it is free of lateral loading. The first part of the paper considers the quasi-static case when the moving speed is almost zero. Several conclusions can be summarized in this regard.
1. There exists a critical load Q cr in the sense that no static snap-through will occur as long as the load Q is smaller than Q cr . 2. In the case when Q is greater than Q cr , the solution curves of P 0 and P 12 Ϫ configurations will merge into a saddle-node bifurcation point. At the bifurcation point the arch will snap to the position P 1 Ϫ .
The second part of the paper considers the case when the point load travels with a nonzero speed. Some more conclusions can be summarized in this regard.
1. Similar to the quasi-static case there exists a dynamic critical load Q cr d when the point load travels with a nonzero speed. No dynamic snap-through will occur as long as the point load Q is smaller than Q cr d . The dynamic critical load Q cr d is in general smaller than the static critical load Q cr . 2. When the point load Q is greater than Q cr d , there exists a finite speed zone between two critical speeds c cr Ϫ and c cr ϩ , within which the arch runs the risk of dynamic snapthrough. In the case when Q is greater than Q cr , then c cr Ϫ is zero. 3. To determine the boundary of the dangerous speed zone we can use a more conservative criterion, which employs the concept of total energy and critical energy barrier, to guarantee the safe passage of the point load. This criterion requires the numerical integration of the equations of motion only up to the instant when the point load reaches the other end of the arch. 
